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^ ' Abstract 

, We study the symmetry of the one-loop effective action of bosonic string theory un- 

I der non-AbeUan T-duahty transformations. It is shown that the original Lagrangian 

J> ' and its dual are proportional. This result implies that the corresponding reduced 

low energy effective actions are equivalent and leads to a functional relation between 
I the Weyl anomaly coefficients of the original and dual two-dimensional non-linear 

g : Sigma models. Finally, we apply this formahsm to some simple examples. 
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1 Introduction 



Nowadays, duality and its different aspects are major tools in the study of string theory. 
One of these, target space duality or T-duality connects seemingly different string back- 
ground fields 1^. It relies on the presence of isometrics in the metric, the antisymmetric 
tensor and the dilaton field. The procedure to obtain the dual action corresponding to 
a given non-linear sigma model is well known 0. It consists in gauging these isometrics 
together with imposing, by means of a Lagrange multiplier, that the gauge field strength 
vanishes. The elimination of the gauge fields leads to a non-linear sigma model having 
the same global form as the original one but with different background fields. This means 
that a string propagating in a spacetime endowed with a specific background metric, for 
instance, presents the same dynamics when moving in another spacetime having a com- 
pletely different geometry. The T-duality transformations are said to be Abelian or 
non-Abelian 0, |^ according to the nature of the Lie algebra formed by the generators 
of the isometrics. All of these considerations are, however, at the level of the classical 
theory. 

One of the important questions, therefore, is whether the duality transformations 
remain symmetries of the quantum theory. A first step towards finding an answer to this 
difficult problem resides in comparing the renormalization properties of the original sigma 
model and its dual. One is led to considering the beta functions of the two theories. These 
should be studied regardless of whether the sigma model backgrounds provide consistent 
backgrounds in which the string can propagate (that is when the beta functions vanishes). 
Most of the investigations in this subject deal with Abelian T-duality. A relation between 
the beta functions of the original theory and their counterparts in the dual model has 
been given in This relation has been reached by requiring that the duality procedure 



0, 



commutes with the renormalization flow. In other words, one demands that 
where T is the operator implementing the duality transformations and fi is the scale of 
the renormalization group. At the one-loop level, the relation between the beta functions 
has been shown to hold for any sigma model possessing Abelian Killing vectors At 
two loops [^, 0, H, ^ |T0[ and three loops [|1^], the same relation holds, provided that 
one modifies the duality transformations (used at the one-loop level) order by order in 
perturbation theory. 

On the other hand, the situation regarding non-Abelian duality transformations is 
still far from being completely understood. It was shown in using supersymmetric 
arguments that, if the original non-linear sigma model (with non-Abelian isometrics) is 
conformally invariant at the one-loop level, then so is its non-Abelian dual. This proof 
relies on the Curci-Paffuti equations which relate different Weyl anomaly coefficients 
(the /9-functions). Therefore not all of the relations between the /3-functions of the two 
theories (the original and its dual) have been found in [|1^]. Other explicit examples, where 
both the original backgrounds and their corresponding non-Abelian duals are consistent 
string backgrounds, have also been treated in [T^. It is only recently that the 

general relation, valid for both Abelian and non-Abelian T-duality, between the Weyl 
anomaly coefficients of the original theory and those corresponding to its dual has been 
given This relation is found through a path integral procedure and for any (not 

necessarily conformally invariant) non-linear sigma model. The only requirement is that 
the adjoint representation of the isometry Lie algebra is traceless [p!2| , 0, |18|, 0. This 



relation has been shown to hold at the one-loop level for some particular examples which 
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are, in general, not conformally invariant ||T^ ^ ^ . 

The aim of this paper is to check the vahdity of the relation between the Weyl anomaly 
coefficients for a general sigma model and its non-Abelian dual. Clearly, the case of the 
Abelian T-duality is also included here (simply by setting the structure constants of the 
isometry Lie algebra to zero). One of the nice properties of the Weyl anomaly coefficients 
of a non-linear sigma model is that they can be seen as linear combinations of the equations 
of motion coming from a target space action known as the string theory effective action 
2^ . Our strategy is to examine the behaviour of this effective action under non-Abelian 
T-duality. This allows us to find the precise relation between the /3-functions of the original 
theory and those of its non-Abelian dual. It turns out that this relation is precisely the 



one found in through the partition function of the sigma model. This result provides 
another check on the intimate connection between the two-dimensional theory (where 
the duality transformations are found) and the target space string effective action. It is 
worth mentioning that the study of the string effective action under Abelian T-duality 
has revealed a rich structure: the duality transformations found through the sigma model 



are only a particular case of a family of symmetries that form an O {d, d, R) group p5 |. 

The paper is organized as follows: in the next section we recall the procedure used 
to obtain the dual sigma model and give the non-Abelian T-duality transformations. We 
show that, by choosing a suitable reparametrization of the different backgrounds, a sim- 
plified version of these transformations can be found. Furthermore, this reparametrization 
is essential in carrying out the explicit computation of the different terms in the original 
string effective action and in its dual. To get an idea of what kind of relationship one 
might expect between the effective action and its dual, we start, in section 3, by suppos- 



ing that the functional relation of ^Tj between the Weyl anomaly coefficients does indeed 
hold. This implies that the Lagrangian of the dual string effective action must be pro- 
portional to the Lagrangian of the original action. This proportionality is then checked 
by a direct calculation of the dual Lagrangian, followed by a comparison with the initial 
Lagrangian. In section 5 we show how the formalism works for two simple examples. 
One of these is based on a Bianchi V type metric and is known to be inequivalent 



to its dual at the quantum level (the adjoint representation of the isometry Lie algebra 
is not traceless). Nevertheless, the two reduced string effective actions (the original and 
its dual) are equivalent up to an overall factor. Finally, in section 7, we present our main 
conclusions and give possible developments of the present work. An appendix lists the 
essential formulas of the paper, especially those used in the explicit calculations of section 
4. 



2 The duality transformations 

In this section our main goal is to obtain the T-duality transformations of the background 
fields. Let us consider a general non-linear sigma model of the form 



S[x,y] = I da^da {d+x^Q^^{x)d^x'' + d+x^Q^a{x)ei{y)d.y 

}a,{x)d^x^' + et{y)d+y'Qab{x)e'; 



+ et{y)d+yVa,{x)d^x^ + et{y)d+y'Qai,{x)e]{y)d^y^ (2.1) 



\r^'^^{x)} 
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The scalar field ^(x) is the dilaton and i?*-^-* is the two dimentional curvature of the 
worldsheet. As usual d± denotes differentiation with respect to a^. Here are vielbeins 
defined by {g^^d±g) = Tae1d±y'^ where the Ta are the generators of a Lie algebra Q and g 
is an element of the corresponding Lie group. They verify 

9.e^" - d,et = -KAep (2.2) 

where /^^ are the structure constants of Q. The inverses of these vielbeins are denoted i?* 
and satisfy E^^d^nE^ - E^d^E^ = f^,E^. 

It is clear that the action ( |2.1| ) is invariant under the transformation g ^ ug where u 
is a constant element of the Lie group. As it has been done in ^, |l^, the dual model 
of the action ( |2.1| ) is found by gauging this isometry transformation. Introducing gauge 
fields A°, and A°i and choosing the gauge (7 = 1, yields the first order action 



Si[x,\A] = J da+da-{d+x^Q^^d-x'' + AlQa^^d^x^ 



+ d+x''Q,aA''_ + AlQabAt + Ae(9+A^_ - d^A^ + f:,AlAt) 

- ^^^'V}- (2.3) 

The equations of motion of the Lagrange multiplier Ac force the fields strength F^_ = 
(S+AI — (9_y4^ + f^f^A'^A^^) to vanish. The solution to these constraints is A'^ = e'ld±y\ 
Putting this solution into (|2.3| ) yields the original action ( p.l|) . On the other hand, inte- 
grating over the gauge fields, instead, leads to the dual action 

S[x, A] = 1 da+da-{d+x''Q,,,d-x'' - (d+x'^Q^a - d+\a)N''\Qbud-x' + 9_Ab) 

-\r^'^^} , (2.4) 

where N"''' is the inverse matrix of 

Mat = Qab + Xcfab ■ (2.5) 

Notice that one can find a kind of inverse operation which permits one to recover 5*1 [x, A, A] 
from the dual action S[x, A]. This can be seen by considering the following action 

S2[x, A, C, x] = / da+da-id+x^Q^^d^x" - {d+x^'Q^a - C+,)N''\Qbud-x'' + C_,) 

-xliC^a - d^Xa) + (C+a " 5+AJx- ' ^^^'V} • (2.6) 

The integration over the new Lagrange mutipliers x± results in the dual action Sfx, A]. 
However, if one keeps x± and integrates over C+a and C_a, then one arrives to the action 
Si[x, A, x] where x± play the role of the gauge fields A'^. It is important to point out that 
this inverse operation does not rely on the existence of any isometrics. This suggests that 
duality transformations are not necessarily related to the presence of isometrics as is the 
case in Poisson-Lie duality |2^ . 



In order to compare the dual action with the original one, let us make the field redefi- 
nition Aq = y'^rjia- For convenience, we have used the same symbol to denote the original 
field and its dual. We choose rjia to be invertible and symmetric with determinant equal 
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to one. To obtain the duality transformations on the backgrounds, the original sigma 
model is written as 

S[x, X] = J da+da-{d+z^\GMN + ^Miv)^-^^ - ^i^^'V} , (2.7) 

where = {x'^,y^). The dual sigma model is of the same form and its dual background 
fields are denoted Gmn, Bmn and (p. The duality transformations are then given by 

G^y = G^j^y — S*^^ E\El{G ^iG — B^iB^j) + A""^ E'l^El{G ^iB^j — B^iG^j) 

Bfiv = B^y — A°'^El^El[Gfj,iGuj — B^iB^j) + S""^ E^^EliG ^iByj — B^iGyj) 

Gfii = —{Gfj,kE^A°-'^ + B ^j_kE^S"-^)ribi 

B,^ = -{G,kE^,S'^^ + B^kEtA-^)r]u (2-8) 

Gij = TjiaS"" Tjjjj 

Bij = rjiaA^'^rihj 
(p = V9 - I In (det Mah) ■ 

Here we have written A^"* = S""^ + where S*"* is symmetric and A"-^ is antisymmetric. 
Notice that the transformation of the dilaton does not come from the classical procedure 
described above. In fact it is a purely quantum effect. We refer to ^ |26| for details 
regarding the origin of this term. Independently we shall see that this dilaton shift is 
indeed the one needed for the equality between the reduced string effective actions of the 
original and the dual backgrounds. 

For later use, let us write Qab = Sab{x) + Vab{x) where Sab is symmetric and Vab is 
antisymmetric. This leads to the decomposition Mab = Sab + Aab where 

Aab{x, y) = Vab{x) + y\cfab ■ (2-9) 

Using the decompositions of A^'^'' and Mab together with the relation N°'^Mbc = we 
arrive at the crucial relations 

SabS^" + ^ab^^'' = 

SabA"" + AabS''' = 0. (2.10) 

These will be used extensively in the following sections. 

The T-duality transformations, as given in (|2.8|) , are quite complicated, especially 
for G^i, and 1?^,^. It is therefore convenient to look for a suitable decomposition of the 
backgrounds, in which the duality transformations are simpler. As in the Abelian case 
P, we choose a decomposition a la Kaluza-Klein. A reparametrization of the metric, 
consistent with the original sigma model, is given by 

^^^""U;^.- ) ^2.11) 

with 

K,ix,y) = etiy)Sabix)e%y) , V;ix,y) = Ei{y)X;{x) . (2.12) 
Similarly, the antisymmetric tensor is decomposed as 

R _ / &M-(x)-|(Vj6.fc-V;V) ^^^^\ ^9 1-^^ 
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where 



h,ix,y) = etiy)vabix)e';iy) , b^,ix,y) = etiy)W^a{x) . (2.14) 
In this decomposition the dual backgrounds are also of the form 

"""" - [ -K. % ) ■ ^'-^'^ 

The transformations (|2.8|) become 

b^u b^y 

V; = {yle^A,,-b,iEi)^'' 

= -{yle1Sa,S'' + b^iEiA'>')r,,, 

hij = TjiaS 7]ijj 
bij = 1]iaA°''^'f]i,j 

^ = yp-^ln(detM,fe) . (2.16) 

In this manner, (/^i, and bf^u are invariants and the duality transformations act only on 
V^, bfj^i, hij, bij and the dilaton ip. As it is well known, the Kaluza-Klein parametrization 
has other important advantages. Firstly, it enables one to calculate the inverse metric 
straightforwardly and, consequently, the scalar curvature. In our case, the inverse of Gmn 
is 

where Greek indices are raised and lowered with the metric g^^, and h^^ is the inverse of 
hij. Secondly, the determinant of the metric Gmn, is simply given by 

det Gmn = det gf^^ det hij . (2-18) 

These last two properties will be useful in the next sections. 



3 Weyl anomaly coefficients and string effective ac- 
tion 

We will deal in what follows with the low energy effective action of string theory at one- 
loop. We will examine its behaviour under non-Abelian T-duality transformations. This 
effective action is given by 

r«[G,5,(^] = Jd''zVGexpi-2ip){RiG)+AdM^d''^-^HMNpH^'''' + A} . (3.1) 

In this expression, R is the scalar curvature of the metric Gmn and Hmnp, defined by 
Hmnp = dhiSNP + djyBpM + dpBMN, is the torsion of the antisymmetric field Bmn- 
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We have also chosen to include a cosmological constant A which should be set to zero for 
critical strings. For this task, it is more convenient to use the Kaluza-Klein decomposition 
of the previous section. The coordinates are split as = (x^,?/*) where M = 1,...,D, 
fi = 1, ...,d and i = d + 1, D. 

Before getting into the details of the calculations, we will list some useful relations. 
Using equations (|2.10| ) we can show, in matrix notation, that 

MS = SN' (3.2) 

where iV* stands for the transpose of the matrix A^**^. As a direct consequence we have 



detM^/|i|. (3.3) 

The Kaluza-Klein form of the metric Gmn leads to 

det Gmn = (det e^)^ det g^i, det Sat ■ (3.4) 

Similarly, the determinant of the dual metric Gmn is given by 

det Gmn = det g^^ det Sat (3.5) 

due to the fact that we have chosen det rjia = 1. These last three equations combined with 
the definition of the dual dilaton result in 

1 



det G exp (-2(^) = VdetGexp(-2^) . (3.6) 

CIGTj 6 

Note that the two sides of this equation are both independant of the coordinate y*. This 
last expression confirms the good choice for the dilaton transformation, as it implies 
proportionality between the integration measures. 

Furthermore, the effective action T[G, B,ip] = J z\fG e'x.Y>{—2ip)L can be expressed, 
up to an integration by parts, as 

L[G,B,^] = R{G)-^HmnpH^''''' -^dMvd^'^ + ^VMd^'^ + A 

= G'^^'P^N-W, (3.7) 
where the Weyl anomaly coefficients of the sigma model (|2.7| ) are given by 

Pmn = Rmn + '^^AidNf — -^HmpqH^^^ 

Pmn = —-"^^HMNP + HMNpd^f 

= -Iv'^ + dp^d^^-j-^HMNpH'^''''-^. (3.8) 

Let us turn now to a crucial relationship between the Weyl anomaly coefficients 
(Z?*^, /5'^) of the original sigma model and the Weyl anomaly coefficients {(3'^ , (3^ , (3'^) 
of its corresponding dual. At the one-loop level and for Abelian T-duality, these rela- 
tions have been given in [§, |3- The non- Abelian counterparts of these relations have 
been found in [T^ . These relations have been derived using path integral arguments with 
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the restriction /^^ = on the structure constants of the isometry Lie algebra [0, |T^. 
In order to express these relations in a compact form, we will use the generic notation 
uja = {Gmn, Bmn,'^) with ui = Gmn, ■ ■ ■■ Similarly the dual backgrounds are denoted 
ua = {Gmn, Bmn,'P)- In this notation we have 

^ ^^-s (3 9) 

These relations have been shown to hold for a few simple sigma models. However, no 
proof is known for a general sigma model. The aim of this paper is to show the validity 
of equations (|3.9|) for a sigma model of the type considered in the previous section. For 
this, we will use the string effective action. 

As a starting point, let us suppose that equations (|3.9|) hold and let us see what the 
consequences are for the effective actions r[a;] and T[uj]. With the help of ( |3.6| ) we have 

OUJa OUa 

= 2^^^ ln( Vdet G exp(-2(^)) 

dUA 

= {ln(det G)-2ip- ln(det e)} 

OUJa 

= G^'^'PZn-^'' (3.10) 
where we have used |^ = 0. Thus we have 

OUJ 

T[uj] = J d'^xd''ydet{e)det{g)det{S)exp{~2ip)L[uj] 

T[u] = J d'^xd''ydet{g)det{S)exp{-2^)L[uj] (3.11) 

where d + n = D. Therefore, the reduced effective actions (the original and its dual) 
would be proportional if one were able to perform the integration over the coordinates y*. 
This demands that L[uj] does not depend on y\ It turns out that this is indeed the case 
as explained in what follows. 

From the form of the metric of the previous section it can be shown, after straightfor- 
ward but tedious calculations, that 

RiG) = Rig) - ^SabX-^.X'^'' - ^S'''D^SabS'''D^S,, + ^S'''D^S,,S'''D>^^ 

-S-'D.D^^Sab - IWdfSabS'^'S^^ - If^jlS^" - UiS^' (3.12) 



X:, ^ d,Xl - + flXiXl (3.13) 



where 

\ 

and Dfj^ is the gauge covariant derivative defined by 

D^Sab = dfj_Sab — fdaXf^Scb — fdbXf^Sca ■ (3-14) 

The expression ( p.l2| ) shows that R{G) is a function of g^u{x), Sab{x) and X^^^^x). Hence 
it is independent of y\ 
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Similarly, using the decomposition of Gmn in ( |2.11| ), it can be shown that 



= H 



MNP 



H 



MNP 



(Vp^'^'O + ^{K^ih^"') + ^{h^'^^hn + ih.jkh''") (3.15) 



where we raise Greek indices with g^'^ and Latin indices with h^^{x, y) = El{y)S"'^{x)El(y) 
with S""^ the inverse of Sab- Here the components of huNP are defined by 



hijk 
h 



Hijk 



h 



fJ,Ul 



kli 



h 



pup 



H^,, - {v;:Hku., - (/i ^ u)} + v;:viH, 

H,,, - {V^Hkup + c.p.} + {V;:vtHkip + c.p.} - Vl^VlV^'Hkim (3.16) 

where c.p. stands for cyclic permutations. Using the decomposition ( p.l3|) of the anti- 
symmetric tensor Bmn, one finds that 

hijk = e'^ e^jel{vadf be + c.p.} 



ete'{d,vab + W,Xb - KML + c.p.)} 



h,,.. = eUidpW^a - X'(d,vab + W,J^,) - ifi ^ u)] + X'X^^ivbJ^, + c.p.)} 



"pui 



i-pup 



9, 



XlXl{d,Vab + W,,fl,) - XlXlXl{va,fl) + c.p. 



(3.17) 



We see that when performing the different contractions in ( |3.15| ), the vielbeins e\{y) sim- 
plify with their inverses coming from h^K Hence, the dependence on disappears 
from H'^ . 

Finally, the dilaton contribution is given by 



M , 



pv 



V^d,^ - d^^d^if + d^ip ( -S'^'d.Sab + XXa 



. (3.18) 



This expression is explicitly independent of y^. We conclude therefore that L[oo] 

^MN 



G^'^Pmn - 4/3^ is independant of y' 



4 Invariance of the string effective action 



In this section, we will prove the relation (p.9|) between the Weyl anomaly coefficients of 



the original sigma model and those of its dual. Our strategy consists in obtaining this 
relation from the invariance of the string effective action under non-Abelian T-duality 
transformations. We begin our study from the relationship between the Weyl anomaly 
coefficients and the string effective action. As it is well known, these are related by 

r- = M^^M^ (4.1) 

where the matrix M takes the form 

I ( \{GmpGnq + GmqGnp) \GpQ 

MabW\ = 7^ Z — ^ \{GmpGnq — GmqGnp) 

v^exp(-2y,) ^ 1^^^^ 

(4.2) 
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Of course the same relations hold for the dual background uj and we have 

^^- = M^Bp]^. (4.3) 

Suppose that we have 

S\C:\= A\^\S\i^\ where ^[cj] = VGexp(-2(^)L[cj] , S\u\ = {Ci &^^{-2q,)L{u\ (4.4) 



then, using a chain rule and the expressions ( |4. 1| , |4^ ), we deduce that 



OUJB OLUb 

where M*^"^ [a;] denotes the inverse matrix of Mas [<jj] ■ This last expression is comparable 
to (p.9|) if one has 

^ = , A[co]MAB[^]p^M^^[Co] = . (4.6) 

OUJ OUJb OUJo 



Our aim is therefore to show that equations ( [4. 41 ) and ( [4. 61 ) are indeed satisfied. This will 
be our task in this section. 



We start by proving that equation (|4.4| ) is fulfilled. One cannot check this at the 
level of the reduced expressions as given in the previous section. This is due to the fact 
that in computing those reduced terms, we have thrown away some expressions whose 
transformed counterparts are non zero. For instance, we have, in the original effective 
action r[co'], terms such as di(f{x), which obviously vanish. However, the equivalent term 
in the dual effective action T[lj] is di(p{x, y), which is different from zero. This situation is 
to be contrasted with Abelian T-duality, where the original backgrounds and their duals 
are both independent of the coordinates y*. Hence the above problem is not encountered 
in the Abelian case. In order to avoid this potential source of errors, one is forced to 
work with a string effective action where the dependence on the coordinates and is 
not a priori specified. The particular coordinate dependence of the backgrounds is made 
explicit only once the duality transformations are carried out. 

Checking that S[ijj] = A[lj]S[uj] is a tremendous task. Here, we will give a highlight of 
the calculations and leave the details for the appendix. Moreover, we will write down only 
the expressions corresponding to the original effective action T[uj]. Those corresponding 
to the dual effective action Fp] are simply obtained by replacing each tensor by a tilded 
one: its T-duality transformed tensor as given in ( |2.16| ). The Kaluza-Klein decomposition 
of the metric Gmn yields the Ricci scalar^ 

R{G) = R{g) 

--h''-h^^h'''dih.kdihrs + -K-^h^'h^'dih.kdihrs 
2 4 



*We have used the package Ricci, developped by J.M. Lee, to perform most of the calculations here. 
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g^'g-^AV;.. - Fp{V^, - F^,) (4.7) 



1 

2 

+lh^'h'^'V;v!;d,h,kdiKs - ^h^'^h^'VXdihjkdiKs)} 
1 

with the definitions 

C = d,Vl - d.V; and F;, = V;:duVl - V^d^V; . (4.8) 

The terms have been assembled according to the number of factors of g^'^ and the number 
of factors of V^. This separation of terms will serve as a guide in our calculation. Since 
Quiy is T-duality invariant then R{g) is obviously invariant too. 

Let us turn our attention now to the dilatonic contribution. In Abelian duality it 
is convenient to reparametrize the dilaton in a T-duality invariant manner |2^. This 
simplifies greatly the calculations. Unfortunately this happens to be impossible here due 
to the transformation properties of the internal metric hij. The best we can do is to 
reparametrize the dilaton as 

(p{x) =^{x,y) + e{x,y). (4.9) 

where we define 6 = ^In det hij. Under duality transformations, we have (p ^ ip = 
ip — I In det S' + I In det and 9 —>■ 9 = ^ In det 5. We deduce therefore the following 
transformation for ijj 

ip — > ip{x) = ip{x, y) + - In det e{y) . (4-10) 

This new scalar field ip has an interesting property: its dual depends only on x (this can 
be seen by replacing, in the last expression, ip by (p — 9). Using the decomposition ( ^.9| ), 
the dialtonic contribution to the original effective action is 

+2G^'did,^ - G^'^'Tlj^dxiJ 
-2G'''d^^d,^ - 2G^''d^ijdM9 
+G'^did,ij + G^^'dudNO 
-G^^ri,,^^.^ - G''''T^,,^dp9 
-G'^d,i)dj^ - 2G'^''d,ijdM9 
-G^''dM9dN9] . (4.11) 
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The following expressions for the Christoffel symbols are useful 

G^^^ri,^(G) = g'^TlM + g^^[{-\h^^V.h,,) + + \v^h^=d,K,)] (4.12) 

^r^-my^p) - \v!y^y'd,h,i] (4.13) 

The contribution coming from the torsion term, if^, is determined next. The expres- 
sions in (|3.16|) together with the decomposition (p.l3|) lead to 

hijk = dibjk + c.p. (4.14) 

V. = idAj) + i-y^dkkj + {d,b'^, + {d,V^')h.-{z^j)}) (4.15) 

= ib',.^ + v;:M + i[vXk-i^^^^)]-l^^u,,-F!:M^) (4.16) 

+\{F'p,Kk + VXKk) + c.p. (4.17) 



2 

where we have defined 



h'. . = B h' . - d h' 

Up. = VXk~VXk- (4.18) 

The introduction of these new tensors is motivated by their simplified T-duality transfor- 
mation rules, as seen below. In terms of these tensors we have 

mn J 

-V;,dibmnd^bl^ - ^dmVlbln[diVXj ' ^ j)] 

-^^VXn[^^b',, - ^ j)] 



—X^g^'h^h^ + h%){h% + h%) 



pn I t uj 

1 

'4 

-^g'^g^^g'^h^uphaf,, (4.19) 

where we have defined 

= Ku^ + y>k. ' = K^lk ^)] - \^^U,. - Flbk. . (4.20) 
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The terms of ( [4.19| ) have been also written according to the number of factors of g^^^, 



and bf,i. 



Having hsted the different contributions to L[uj] and L[uj], we are in a position to 
compare them. The easiest part to start with is the dilatonic contribution involving the 
field ijj in both actions. As a consequence of ( [4.1Q[ ), we have d^ijj = d^ip. Notice that 



^f^^l> and ^fJ,^p can only come from the dilatonic parts of the two actions. Therefore, by 
identifying these terms in the two actions using ( [4.11| ), we must have 



G^'d.d^i, - G^^'d.^d^iP + 2&'d,d^i) - &'''V\,^dy:i) - 2G^'d,^d,^ - 2G^''^d,ijdMK^.2l) 

The first two terms on each side of this equality are equal since G^'^ = G^'^ = g^^ . The 
third term on each side vanishes due to the particular dependence on and of ip and 
ip. An explicit calculation of the remaining terms leads to 

\v^h''dkK^ + dkV^ = dkV^ . (4.22) 

Using the explicit form of V^^ , as given in we find that this last equation is satisfied 

only when 

V^elf:, = (4.23) 

This equation holds if the isometry Lie algebra is such that /^^ = 0, as is the case for semi- 
simple Lie algebras. This observation agrees with the conclusions reached in [1^, 14, 18, 19 



for the quantum validity of non-Abelian T-duality transformations. However, the terms 
containing /^^ contain always at the same time. Therefore, for a block-diagonal metric 
with = the above equation is also satisfied. This particular case will be discussed in 
an example based on a Bianchi-type metric in the next section. 

The other particular terms to consider in comparing F [u] and F [u] are the contributions 
involving three factors of g^^'^. These are found in the expressions of and H^. According 



to (|4.19|) , we must have 

g^-g'^PgP^h.^pKp, = ^'^r^r^.pKp, ■ (4-24) 

Since g^^ = g^'^ , we must have 

hpyp = hf,up ■ (4.25) 

We have checked, using the list of transformations given in the appendix, that this is 
indeed the case. 

The comparison of the remaining terms in L[uj\ and Lp] is organised according to the 
following pattern: If we look at the transformations ( 2.16| ), we note two important prop- 



erties. First, since the reduced metric g^^ is invariant, the terms in the two Lagrangians 
with the same number of factors of g^^ must be equal. Moreover, and h^i contain 
one and one h^i factors. Therefore, the terms in L[a)], consisting of n factors of 
and m factors of h^i can only be compared with terms in L[uj\ containing n' factors of 

and m' factors of such that n' + m' = n + m. Using this criterion as a guiding 
principle, we have explicitly checked that L[uj] = L[uj]. We have listed in an appendix the 
transformations of all the terms. 

Having shown that 5'[ti;] = A[ct;]S'[co'], with A[uj] = 1/dete, we can now turn our 
attention to proving the relations in ( [4.6|) . It is clear that = ^~|~|^ = 0. In order 
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to deal with the second equation in ( [4.6| ), let us start by showing that all the matrices 

Sujb_ 



involved there are well defined. The right hand side requires the computation of For 



this, one needs to compute the variations 6 Sab and 6Aab- Using the key relations ( |2.10|) , 
we find 



SA^'' 1 



6Scd 2 
5 A-" 



^gac^db ^ ^acgdb + ^ d)] 



SA,d 2 

6uJA 



- [S'^^'S'"' + A'^^A'"' - (c ^ d)] . (4.26) 



^gtt _____ 

These expressions, together with t-^ = 0, and the duality transformations (|2.8|) yield the 



different components of These are set forth in the appendix. 

The matrix M*^^[u;], inverse of iVf4B[co'], is computed from the variation of the action, 
where ^ = M'^^[uj](3'^° and is given by 

l^G^^PG^Q - G^iQG^P) 

V 2G^^^ 8 

On the other hand, the computation of requires the inversion of the duality trans- 
formations. The original string backgrounds can expressed in terms of the dual ones as 
follows 

G^u = G^u — SabV"'^V^^ {Gfj-iGiyj ~ B^niByj) + AabV"'^'']'^^ {G ^iB,yj — B^iG,yj) 
B^y = — Aabi]"'''r]''^{G^iGuj — B^iByj) + SabV°'''^^^{G^iBuj — B^iG^j) 
G,, = -{G^kV'''Aab + B^kV'''S^')e'l 

B^i = -{G^kv'"'Sab + B^kV^-A-^)e\ (4.27) 

pO. q pb 

B,, = e'^Aabe]-ySkcf^be'ie] 
(f = |lndet(5'^'' + A'^*) . 

The different functionnal derivatives are then calculated in a similar way to those of |^ 

(recall that ^(j/ V/a^^efe^) = 0). 

Since the inverses of the matrices Ma_b[c<j] and |^ exist, the second relation in ( ^.6| ) 
can be put in the form 

A[u]Mab[(^] = ^^Mcoioof-^ (4.28) 

Using the explicit form of M^b[u;] in ( [4.28|) and the expressions of |^ given in the 
appendix, we have checked that the above equation is indeed satisfied. Let us just give an 
example of how this works. The {Gij, (p) component of the left hand side equation (|4.28| ) 
is 
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while the left hand side is written as 



where 



MCmn^Gpq = 77:7 , „ , (G mpG nq + GmqGnp) 

2yG exp(— 2(y9) 

MB,nn,Bpq = -^rj^ — ——{GmpGnq- GmqGnp) ■ (4-31) 

2yG exp(— 2(y9) 

With the help of the functionnal derivatives of the appendix, one verifies that the two 
sides are equal. This is also the case for all the other components of (|4.28|). 



5 Explicit examples 



In this section we study two examples regarding the relationship between the original 
effective action and its dual. The first is a model based on the isometry algebra SU{2). 



We consider the sigma model given by following action |jT7 

S = j £a {f{x)d^xd^x + h{x)Tr [{g'^d.g) {g-'d^g)] } 



(5.1) 



where g is an element of the Lie group SU{2) and f{x) and h{x) are arbitrary functions. 
We take the elements of SU{2) to be parametrized by the Euler angles = {u,v,w) 



g = exTp[iuT3) exp(zt>rij exp^xwraj 



(5.2) 



where = crj/2 with the Pauli matrices. The only non- vanishing background field is 
the metric and it is given by 



G 



MN 



with 



hij{x,y) = h{x) 



fix) \ 
hij{x,y) ) 

/ 1 cos(i;) 

1 
\ cos(f ) 1 



(5.3) 



(5.4) 



The vielbeins are given by 

etiy) = 

where the index a numbers the rows of this matrix. 



sin(i;) sin(ti?) cos(w) 
— sin(v) cos(iy) sin(i(7) 
cos(f) 1 



(5.5) 
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The objects of the previous sections needed here are Sab{x) = h{x)6ab and rjiaf^^ = Sibc 
with £123 = 1. These allow the determination of 8°"^ and A°'^. The effective action 
corresponding to this sigma model is found to be given by 



dxd^yVGR{G) 



- [ dxdudvdw \sm(v)\ f 2/12 (/^-2/44 + -^^ 
2 J \ dx^ dx dx 



(5.6) 



Notice that one can perform the integration over the internal coordinates and obtain the 
internal volume v = J dudv dw \sm{v)\. The dual background fields are computed from 
the duality transformations ( p.l6|) . This yields the following metric, antisymmetric tensor 
and dilaton 



Gmn — 



B 



MN 




















\ 


1 







+ 


uv 


uw 











vu 




vw 








I 


wu 


wv 




J 




( 
















1 







-w 


V 
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w 


—u 










\ 


— V u 


) 









--ln(detM„,) 



\n{hD) . 



(5.7) 



where D = + + + tv^ . Using these expressions one can see by direct calculations 
that the T-dual effective action is given by 



J dxd^y\/d exp{-2(f) - —H^ + 4 (vd^f - {d^f) | 

fdxdudvdwf-lh'^(f-2fp:- + ^f] . 
J y dx^ dx dx J 



(5.8) 



Similarly, the volume element of the internal space in the dual theory is v = J dudvdw. 
Therefore, the two reduced effective actions r[cc;] and Fp] are equal up to an overall 
factor. 

Our second example is based on a Bianchi V type metric. This example was first 
analysed in where the authors found that the /9-functions of the original model and 
its dual are not equivalent. The original model is characterized by 



Gmn = diag(-/(a;), a^(x), a^{x)e 



-2u 2/ \ -2u 

, a [x)e 



Bmn = V = (5.9) 
x,u,v,w). The vielbeins of the 



where the coordinates are such that = (a;,y*) ■ 
Bianchi V metric are 

e," = diag(l,e-^e-") (5.10) 
and the non-vanishing structure constants corresponding to the isometry group are 



/21 ~ /i3 ~ /: 



p3 
'31 



1 . 



(5.11) 
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This example is particularly interesting as /^^ is different from zero, while is zero. 
Therefore equation ( [4.23D is satisfied and we expect the equality of the reduced effective 
actions. We will see that this is the case here. However some complications arise at the 
level of the equations of motion (the /3-function equations). By a similar method to the 
one used in the SU (2) example, the dual backgrounds are given by 



G 



MN 



B 



MN 



( -f 

aV^ 


V 

/ 



a'^v/D 

V a^w/D 













(a^ + w'^)/D -vw/D 
-vw/D {a^ + v'^)/D J 

\ 

-a^v/D -a^wjD 



/ 



--ln(D) 



(5.12) 



where D = a^(x) (a^(x) + + w"^). With these original and dual backgrounds, the cor- 
responding effective actions are 



1 / (Pa^ da df 

T[iu] = 3 / dxdudvdwe~'^^f^^a f—r^ — o,~r~7 2/^ 

\ ax^ dx dx 



T[uj] = 3 J dxdudvdwf ^a ^/ 



2^2 



d^a 

dx"^ 



^dad£ _ 2^2' 

diOc dec , 



(5.13) 



We have then proportionality between the reduced effective actions. However, this 
does not mean that the /5-functions are related according to ( p.9|) . Notice that although 
L[uj] = L[oj], one does not, in general, have L[uj + 6lj] = L[ijj + 6ijj]. The difference between 
L[uj + 6uj] and L[uj + 5u] always involves terms containing fab^iSV^. Clearly, these terms 
vanish only when /"j, = 0. This is why the beta functions of the original and dual theories 
cannot be related by ( |3.9| ) in this case. This explains the conclusions reached in for 
the particular case f{x) = 1 and a(x) = x. 



6 Discussion 

We have analysed in this paper the effects of non-Abelian T-duality transformations 
on the Weyl anomaly coefficients of the two-dimensional non-linear sigma model. This 
analysis is carried out at the level of the corresponding string effective action. A suitable 
reparametrization of the string backgrounds, in which the duality transformations take a 
simple form, is found. In this reparametrization the dual backgrounds are of the same 
global form as the original ones. By an explicit computation, we show that the Lagrangian 
of the original string effective action is proportional to that of the dual string effective 
action. Using then the connection between the /5-functions of the non-linear sigma model 
and the equations of motion of the string effective action, we give a functional relation 
between the Weyl anomaly coefficients of the original two-dimensional theory and their 
counterparts in the dual one. This is precisely the relation found in through path 
integral considerations. 
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A natural question arises now regarding the invertibility of the non-Abehan duahty 
transformations. At the level of the non-linear sigma model, it is well known that these 
are not invertible, as the dual model does not possess any isometries which allow one 
to go back to the original theory |]I4|. However, when dealing with the string effective 



action, one can consider the transformations (|2.^) in their own right, regardless of their 



two-dimensional origin. This is indeed what happens in the Abelian case Let us 

therefore examine this important question. In order to recover the diagonal part of the 
metric of the original theory, namely hij, from the dual one, that is hij, we must impose 
the following duality transformations 



Ei ^ r/^X'%a (6.1) 



This results in the chain of duality transformations h^j hij = rjiaS'^'^rjbj — > hij = e^Sabe^j- 



However, these transformations for Sab and Sab must preserve the relations (|2.10|) . This 
requires that Aab and Aab must transform as 



Acd ^ Vc^E:A'''Eir],d (6.2) 

Using the above duality transformation we automatically get 

G^i —{G^kE'^A"'^ + B ^j,kE^S"'^)r]bi — > G^t 
B^i —{G^kE'^S"'^ + B^kEaA"'^)ribi — ^ B^ 

G fj^y ^ G > G^l/ 



111 



B^u B^ij B^jy (6.3) 

So far, all this seems to work quite well but two problems arise: Firstly, the only require- 
ment left for the duality transformation to be invertible is 

bij = e^Vabe) TliaA^^Vbj bij (6.4) 

Combining this requirement with the above transformation of Aab = Vab+y^Vkcfab-> implies 
the strange transformation relation 

y'rikcfabele] - ^ y^cfab^e] (6.5) 



Secondly, using the transformations in (|6.1| ), we deduce the following chain of transfor- 
mations for the dilaton 



+ J (det ^ - det 5) + In det e (6.6) 



Therefore, one cannot recover the original dilaton. It is only in the Abelian case that 
these two problems do not arise (/^^ = and dete = 1) and the duality transformations 
are indeed invertible. 
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Our results could be of interest in cosmological models based on the string effective 
action. This is due to the fact that most of the relevant models in cosmology, exhibit non- 
Abelian rather than Abelian isometrics. Thus, non-Abelian T-duality transformations 
could be especially useful in the study of inflationary models derived from string theories. 
This is in the same spirit as pre-big-bang inflation ||2^ , where Abelian duality has proven 
to be an essential tool. 

Furthermore, our decomposition of the different string backgounds has allowed for an 
explicit computation of the reduced string effective action. It is therefore natural to ask 
if this reduced action presents other symmetries like the O (d, d) transformations of the 
Abelian case. This is a crucial point which deserves further study. It is worth mentioning 
that a decomposition, sharing some of the features presented here, has been used in 



the context of massive supergravity theories |28|. The authors of that article show that 



the reduced low enegy effective action of the heterotic string possesses an O (d, d + 16) 
symmetry group. However, these transformations present two drawbacks. First, the 
transformations involve the field strenght of the gauge fields coming from the Kaluza- 
Klein decomposition of the metric. This means that these symmetries are non-local on 
the basic fields. Secondly, the symmetry holds only when a transformation is associated 
to the structure constants of the isometry Lie algebra. 

There are obviously other subjects to be treated in this area. As our analyses are valid 
only at the one-loop level, it is therefore desirable to examine what happens beyond this 
leading order. The one-loop duality transformations must certainly be modified. This 
could give an idea on how to correct the duality symmetry, loop by loop in perturbation 
theory. Finally, one could extend the investigation to the case of Poisson-Lie duality. This 
last point is currently under investigation. 



Aknowledgments: We would like to thank Peter Forgacs and Ian Jack for useful dis- 
cussions and Professor J. M. Lee for his valuable time in explaining the package Ricci to 
us. 
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A Useful Identities 

In section 4 of this paper many quantities are redefined for the sake of their simple 
duahty transformations. In this appendix, we give the dual expressions corresponding to 
these quantities. Before doing this, however, one needs other useful identities used in the 
computation. 



By applying a differential operator d on both sides of the fundamental relations ( |2.1CI| ) 
one finds 

dA"^ = -dS^diS'^^'A'^'' + A^'S'^^) - dA.diS^'S'^'' + A^^A'^^) . (A.l) 

When d acts on the coordinates x'^ then we have d^A^d = d^Vcd while when acting on the 
coordinates ?/* we get diScd = and diAcd = Viafcd- To identify terms involving h'^^ and 
hij in the dual effective action, we use 

Ei{S''^ - A''^ScdA'^^)Ei = ElS^^El = h'^ . (A.2) 

Furthermore, the combinations V^'^e^, b^kE^ and h'^^^a are independant of y*. Hence, we 
have the following identities 

^^Vl. = Vy,d,Ei 
dib^j = b^kE^e"; 

drb',, = b'^,Eld,e^^. (A.3) 
Notice that the Jacobi identity together with the definition of Aab implies 

A^dC + AadfL + Abdfi = vcdftb + c.p. (A.4) 
The above identities lead to the following duality transformations 

K = (K^ty'Vkcrab - b',iEi)rj'^ 
b' ■ = -V^e"- n ■ 
h' ■ = -V^e"- n ■ 

= 



h% = -{Vy.SaJ^' + h%E'^A^')r^,, 

_ pi /I b _i_ 1.(2) \rpm bi 



B Comparing the original and dual Lagrangians 

As mentionned in the main body of the paper, the terms in L[uj] and L[uj] are organised 
according to the number of factors of g'^'^ and the number of factors of the gauge fields 
V^, bfj,i. We will gather below these terms according to this criterion. The expressions 
coming from the dual Lagrangian L[u] are given on the right hand side of each equation. 
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B.l Order zero in g^'' and zero in gauge fields 

To this order one has to collect from the two Lagrangians the terms without gauge fields. 
Many of the terms coming from the Ricci scalar cancel against terms from the dilatonic 
part (note that this is the case for other orders as well). The dual expressions of the 
remainig terms at this order are 

Ah'^didjip-Ah'^dii^djip + Adiih'^dj^) = 0, 

f) f) uij nab fc ed nab rc fd 

UiUjIL — D JadJbc ^ J caJ db 5 

Similarly, the corresponding expressions at the same order coming from the original La- 
grangian can be easily extracted from the expressions given in the main text. The sums 
of these terms in each Lagrangian are identical. This will be the case at each order as 
well. 

B.2 Order one in g^^ and zero in gauge fields 

B.3 Order one in g^^ and one in gauge fields 

To this order one must demand that 

dkV^ - 2\/"^9fcV = (B.l) 

in order to get rid of the terms involving the field ip. Note that this is equivalent to 
imposing equation (|4.23| ). The duals of the remaining terms at this order are 



= g''^V^eUl{S''^A,,S^fdpAfd-S'''dpSdb) , 

= \g^''V;S-'S'''d,A,AAM , 
r^h'^y''djii,djp^ = (B.2) 

B.4 Order one in g^^ and two in gauge fields 

1 ~ ~ 1 

r^g ^i^fi^J^u — 2^ ^tJ.^k^u'^l JadJbc 
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-^g^''h^H^"dS',,{dJl^ - (m ^ n)) 



he 



-g^^-h'"^h^"diV;^bij{d^VXn -{m^ n)) 

~g^-}^-^y-vldih,dJ^I;hkn 
g^^S^'S^f{h'^,E':vte\rcJ!fA,, 

+v!:etvyiy\,fijiA,hh)) , 



--g^'^S^^S^.EiraX.EjfL 



gd 



Idf 5 










(B.3) 



B.5 Order two in g^'^ 

Here we can treat at the same time order two, three and four in the gauge fields. Using 
the transformations ( |A.5|) and the relations ( |A.2| ) we can easily show that 



(2) 



- F^e^iS^^S^'S,, - A,,S'^'A,,)e%Vi^ - Fl) 
+ + h^"l,)El{S^' - A^^S^,A'^'')El{h% + h%) 
h^,iV;^ - FiJ(yl - Fl) + h^^ih^, + h%){h% + h%) 



B.6 Order three in g^^: the invariance of h 



Starting from the definition of h^i,p given in ( p.l6|) and using the decomposition (|2.13| ) 
one can show that 



h 



fj.up 



Now using the transformations ( |A.5| ) and the key relations ( |2.10| ) we find that 



c.p. 



l,{FlKk + VXX,) + c.Y^. 



(B.4) 



Moreover, the term h^^ is invariant and independant of y*. All this applied to the decom- 
position (|B.4|) proves the invariance of h^yp under non-Abelian T-duality. 
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C Functional derivatives 

Here, we list the non- vanishing components of These are needed to prove equation 
( [4.28| ). With the two definitions 

Z; = {B,,EIS^' + G,,EIA^')E^ (C.l) 



we have 



6Gxa 2 



SGxn 
5G 



5B 



K5t + (/i - u): 



An 



^G^,^ 1 



^G^n 2 
SGfj,^ 1 



An 



55 



An 



SGxn 

6B 



6B 



^BjYin 2 



55. 



^-^An 



SGxn 

^ = hz;:^E:S^%, + Y;rE:A^'vM + {m^n)} 
a/^ 1 

fJ'i r v^m 7-in Qcd^ , rym rpn Jed 



^Bjjifi 2 

SGi.i 1 



+ Z]:'E:A'^%, - (m ^ n)} 



^G^n 2 



= -\{ma[S'''E^E':A''' + A'^''E^E:S'''']r^,,~{m^n)} 

^ JTj''^ ^'^^ JTJ^ 



^Bjyifi 2 



5B,^ 



KK - (/^ ^)] 



An 
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\{Z^E-,S'^%, + YJ^^E^^A^riar - (m ^ n)} 

^{y;:e:s^%, + z;^e:a^%, + (m - n)} 

-^{riiaiS'^'E^E^S'"' + A''''E^E:^A''']ridj - (m ^ n)} 
— {rjUS'^'E^E^A'^'' + A'^E^E:S''']r)dj + (m ^ n)} 
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